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What are Transformer LLMs doing?

Reasoning over context

o A "biology"” of circuits (Elhage et al., 2021; Wang et al., 2022; Lindsey et al., 2025)
o Many results on expressivity (e.g., circuits, formal languages, graph algorithms)
» e.g., (Merrill et al., 2022; Liu et al., 2023; Sanford et al., 2023)
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What are Transformer LLMs doing?

Reasoning over context

o A "biology"” of circuits (Elhage et al., 2021; Wang et al., 2022; Lindsey et al., 2025)

o Many results on expressivity (e.g., circuits, formal languages, graph algorithms)
» e.g., (Merrill et al., 2022; Liu et al., 2023; Sanford et al., 2023)

Knowledge storage

o Memorization, factual recall, parameter scaling
» e.g., (Geva et al., 2020; Allen-Zhu and Li, 2024)

o Allows higher-level reasoning

6 Dan Hendrycks & @DanHendrycks - Mar 14, 2023 a5 param
It knows many esoteric facts (e.g., the meaning of obscure songs, knows
what area a researcher works in, can contrast ML optimizers like Adam vs
AdamW like in a PhD oral exam, and so on).

N~10000000
« N=5000000

learned knowledge (bits)

My rule-of-thumb is that
"if it's on the internet 5 or more times, GPT-4 remembers it."

o Ne10000

Q1 M 28 Q 184 il 25K N a

model size (#params)
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What are Transformer LLMs doing?

Reasoning over context

o A "biology"” of circuits (Elhage et al., 2021; Wang et al., 2022; Lindsey et al., 2025)
o Many results on expressivity (e.g., circuits, formal languages, graph algorithms)
» e.g., (Merrill et al., 2022; Liu et al., 2023; Sanford et al., 2023)

Knowledge storage
o Memorization, factual recall, parameter scaling
» e.g., (Geva et al., 2020; Allen-Zhu and Li, 2024)

o Allows higher-level reasoning

Goal: tractable model for both + training dynamics?
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
Embeddings

o input e, positional p;, output v, in R9

o this talk: fixed to random init N'(0,1/d)
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
Embeddings

o input e, positional p;, output v, in R9

o this talk: fixed to random init N'(0,1/d)

Residual streams (Elhage et al., 2021)

o embed each token z; € [N] as x; := e, + p;
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
Embeddings

o input e, positional p;, output v, in R9

o this talk: fixed to random init N'(0,1/d)

Residual streams (Elhage et al., 2021)
o embed each token z; € [N] as x; := e, + p;
o (causal) self-attention x; := x; + MHSA(X¢, x1:¢)

H ot T /hT \/h
. exp(x ' W' Wixe)
MHSA(x, x1.+) = E E BIWET W .. with g7 =
t e ° v ° frexp(e TWET W)

where Wy, Wo, Wy, Wo € R%*9 (key/query/value/output matrices)
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o this talk: fixed to random init N'(0,1/d)

Residual streams (Elhage et al., 2021)
o embed each token z; € [N] as x; := e, + p;
o (causal) self-attention x; := x; + MHSA(X¢, x1:¢)

t T
. exp(x. ' Wkoxt)
MHSA(x¢, =3 BrWoyx., with g =
()= 2 Ps S S e W)

where Wi, Woy € R9%9 (key-query and value-output matrices)
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
Embeddings

o input e, positional p;, output v, in R9

o this talk: fixed to random init N'(0,1/d)

Residual streams (Elhage et al., 2021)
o embed each token z; € [N] as x; := e, + p;
o (causal) self-attention x; := x; + MHSA(X¢, x1:¢)
o feed-forward x; := x; + MLP(x;)

MLP(x;) = Vo (Ux:)
where U, V € R™*9 often m = 4d
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
Embeddings

o input e, positional p;, output v, in R9

o this talk: fixed to random init N'(0,1/d)

Residual streams (Elhage et al., 2021)

o embed each token z; € [N] as x; := e, + p;
(causal) self-attention x; := x¢ + MHSA(x¢, x1:¢)
feed-forward x; := x¢ + MLP(x)

©

©

©

residual stream x; is a sum of embeddings/“features”
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Transformer language models

Input: sequence of discrete tokens (zy,...,z7) € [N]"
Embeddings

o input e, positional p;, output v, in R9

o this talk: fixed to random init N'(0,1/d)

Residual streams (Elhage et al., 2021)

o embed each token z; € [N] as x; := e, + p;
(causal) self-attention x; := x¢ + MHSA(x¢, x1:¢)
feed-forward x; := x¢ + MLP(x)

©

©

©

residual stream x; is a sum of embeddings/“features”

Next-token prediction

o cross-entropy loss

Z Uzt41; (UJTXt)j)

t<T
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Outline

(D Background: Associative memories as a building block
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Transformer weights as associative memories

o Consider sets of nearly orthonormal embeddings {¢.},cz and {u,},cy:

lle-|l ~1 and e, e, ~0

|uy||~1 and wu,"u, =0
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Transformer weights as associative memories

o Consider sets of nearly orthonormal embeddings {¢.},cz and {u,},cy:

lle-|l ~1 and e, e, ~0

|uy||~1 and wu,"u, =0

o For pairwise associations z — f.(z) with z € M, define:

W: Z uf*(z)ez—r
zeM
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Transformer weights as associative memories

o Consider sets of nearly orthonormal embeddings {¢.},cz and {u,},cy:

lle-|l ~1 and e, e, ~0

|uy||~1 and wu,"u, =0

o For pairwise associations z — f.(z) with z € M, define:

W = Z uf*(z)eZT =  u, We ~1{y = fi(2)}
zeM

Examples in Transformers
o e,, u, are input/output/positional embeddings, or intermediate representations
o Logits in attention heads: x, Wikgxq
o Logits in next-token prediction: u; Uo(Vx:) or u; Wov xk
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Transformer weights as associative memories

o Consider sets of nearly orthonormal embeddings {¢.},cz and {u,},cy:

lle-|l ~1 and e, e, ~0

|uy||~1 and wu,"u, =0

o For pairwise associations z — f.(z) with z € M, define:

W = Z uf*(z)eZT =  u, We ~1{y = fi(2)}
zeM

Examples in Transformers
o e,, u, are input/output/positional embeddings, or intermediate representations
o Logits in attention heads: x, Wikgxq
o Logits in next-token prediction: u; Uo(Vx:) or u; Wov xk
Related to Hopfield (1982); Kohonen (1972); Willshaw et al. (1969); Iscen et al. (2017)
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Gradient associative memories

Lemma (Gradients as memories, B. et al., 2023)

Let p be a data distribution over (z,y) € [N]?, and consider the loss
L( W) = IE(z,y)fvp[g(ya Fw(Z))], FW(z)k = UkTWGZ?

with ¢ the cross-entropy loss and e, vy input/output embeddings.
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Gradient associative memories

Lemma (Gradients as memories, B. et al., 2023)

Let p be a data distribution over (z,y) € [N]?, and consider the loss
L( W) = IE(z,y)fvp[g(ya Fw(Z))], FW(z)k = UkTWGZ?

with ¢ the cross-entropy loss and e, vy input/output embeddings. Then,

K
VL(W) =Y E[(bw(y = k|z) — p(y = K|2))uke. ]
k=1
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Gradient associative memories

Lemma (Gradients as memories, B. et al., 2023)

Let p be a data distribution over (z,y) € [N]?, and consider the loss
L( W) = IE(z,y)fvp[g(ya Fw(Z))], FW(z)k = UkTWGZ?

with ¢ the cross-entropy loss and e, vy input/output embeddings. Then,

K
VL(W) =Y E[(bw(y = k|z) — p(y = K|2))uke. ]
k=1

o Example: z ~ Unif([N]), y = f.(2)
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Gradient associative memories

Lemma (Gradients as memories, B. et al., 2023)

Let p be a data distribution over (z,y) € [N]?, and consider the loss
L( W) = IE(z,y)fvp[g(ya Fw(Z))], FW(z)k = UkTW@Z?

with ¢ the cross-entropy loss and e, vy input/output embeddings. Then,

K
VL(W) =Y E[(bw(y = k|z) — p(y = K|2))uke. ]
k=1

o Example: z ~ Unif([N]), y = f.(2)
» After one gradient step on the population loss, assuming near-orthonormal embeddings

Wy = /’\7/; (]l{f*(z) =k} — /b) me,' = u Wie, ~ % (11{:‘*(2) =k} — ,1,)
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Gradient associative memories

Lemma (Gradients as memories, B. et al., 2023)

Let p be a data distribution over (z,y) € [N]?, and consider the loss
L( W) = IE(z,y)fvp[g(ya Fw(Z))], FW(z)k = UkTW@Z?

with ¢ the cross-entropy loss and e, vy input/output embeddings. Then,

K
VL(W) =Y E[(bw(y = k|z) — p(y = K|2))uke. ]
k=1

o Example: z ~ Unif([N]), y = f.(2)
» After one gradient step on the population loss, assuming near-orthonormal embeddings

W, = ;\7/; (]1{;‘*(2) =k} — /{/) me,' = u Wie, ~ % (]l{f*(Z) =k} — ,{,)

» Corollary: f(z) = arg maxy u, " Whe, has near-perfect accuracy

o More generally, replace vy by “backward” vector
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Gradient associative memories

Lemma (Gradients as memories, B. et al., 2023)

Let p be a data distribution over (z,y) € [N]?, and consider the loss
L( W) = IE(z,y)fvp[g(ya Fw(Z))], FW(Z)k = UkTW@Z?

with ¢ the cross-entropy loss and e, vy input/output embeddings. Then,

K
VL(W) =Y E[(bw(y = k|z) — p(y = K|2))uke. ]
k=1

o Example: z ~ Unif([N]), y = f.(2)
» After one gradient step on the population loss, assuming near-orthonormal embeddings

W, = ;\7/; (]1{;‘*(2) =k} — /{/) me,' = u Wie, ~ % (]l{f*(Z) =k} — ,{,)

» Corollary: ?(z) = arg maxy ;| Wie, has near-perfect accuracy
o More generally, replace vy by “backward” vector
Note: related to (Ba et al., 2022; Damian et al., 2022; Dandi et al., 2023; Yang and Hu, 2021)
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Capacity: Intuition

o Random embeddings e., u, ~ N(0, 1)
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Capacity: Intuition

o Random embeddings e., u, ~ N(0, 1)

o For some f* : [N] — [M], consider “one gradient step” solution

N
T dxd
W = E Ufx(z)€z eR
z=1
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Capacity: Intuition

o Random embeddings e., u, ~ N(0, 1)

o For some f* : [N] — [M], consider “one gradient step” solution

N
W = Z uf*(z)ez—r S RdXd
z=1

_ *
o When can we recover arg maxy v, = f*(z) for all z?

T _ T T
Yz, i=u, We, = Z Uy Ups(z)€, €y
Z/
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Capacity: Intuition
o Random embeddings e., u, ~ N(0, 1)
o For some f* : [N] — [M], consider “one gradient step” solution

N
W = Z uf*(z)ez—r S RdXd

z=1
_ rx
o When can we recover arg maxy v, = f*(z) for all z?

T _ T T
Yz, i=u, We, = Z Uy Ups(z)€, €y
Z/

1, ify="~Ff*(2)

Var[yzy] S

E[’)’z,y] = { d

0, otherwise.
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Capacity: Intuition
o Random embeddings e., u, ~ N(0, 1)
o For some f* : [N] — [M], consider “one gradient step” solution

N
W = Z uf*(z)ez—r S RdXd

z=1
_ rx
o When can we recover arg maxy v, = f*(z) for all z?

T _ T T
Yz, i=u, We, = Z Uy Ups(z)€, €y
Z/

1, ify=1£(z) {F(Z) =y}  Hf (@) #y} 2
]E z — V z 5 + S 1
bz {0, otherwise. arz.y] d d?

o Examples: (Cabannes, Dohmatob, and B., 2024a; Nichani, Lee, and B., 2025)
» f* one-to-one: can store up to N ~ d? associations (much better than one hot!)
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Capacity: Intuition
o Random embeddings e., u, ~ N(0, 1)
o For some f* : [N] — [M], consider “one gradient step” solution

N
W = Z uf*(z)ez—r S RdXd

z=1
_ rx
o When can we recover arg maxy v, = f*(z) for all z?

T _ T T
Yz, i=u, We, = Z Uy Ups(z)€, €y
Z/

Elvz,] =
bz {0, otherwise. d d?

o Examples: (Cabannes, Dohmatob, and B., 2024a; Nichani, Lee, and B., 2025)

» f* one-to-one: can store up to N ~ d? associations (much better than one hot!)
» *(z) € {0,1}: can store up to N =~ d associations
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Capacity =~ number of parameters

Low-rank
o W =W]"Ws, with Wy, W, € R™<9 (e.g., key-query or output-value matrices)
o can store N ~ md associations when m < d

o construction: random W, one step on W5

(Nichani, Lee, and B., 2025), related to Krotov and Hopfield (2016); Demircigil et al. (2017)
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Low-rank
o W =W]"Ws, with Wy, W, € R™<9 (e.g., key-query or output-value matrices)
o can store N ~ md associations when m < d

o construction: random W, one step on W5

Non-linear MLP
o f(z) = argmax, u, | Wio(W, e,), Wy, Wy € RIX™
o can store N &~ md associations for any width m

o construction: using Hermite polynomials of degree ~ log N/ log d in kernel regime

(Nichani, Lee, and B., 2025), related to Krotov and Hopfield (2016); Demircigil et al. (2017)
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Low-rank
o W =W]"Ws, with Wy, W, € R™<9 (e.g., key-query or output-value matrices)
o can store N ~ md associations when m < d

o construction: random W, one step on W5

Non-linear MLP
o f(z) = argmax, u, | Wio(W, e,), Wy, Wy € RIX™
o can store N &~ md associations for any width m

o construction: using Hermite polynomials of degree ~ log N/ log d in kernel regime

Multi-input
o f(z1,2) = argmax, u, " Wio(W, (e, + &.,))

o also N = md capacity

(Nichani, Lee, and B., 2025), related to Krotov and Hopfield (2016); Demircigil et al. (2017)
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Capacity =~ number of parameters

Low-rank
o W =W]"Ws, with Wy, W, € R™<9 (e.g., key-query or output-value matrices)
o can store N ~ md associations when m < d

o construction: random W, one step on W5

Non-linear MLP
o f(z) = argmax, u, | Wio(W, e,), Wy, Wy € RIX™
o can store N &~ md associations for any width m

o construction: using Hermite polynomials of degree ~ log N/ log d in kernel regime

Multi-input
o f(z1,2) = argmax, u, " Wio(W, (e, + &.,))

o also N = md capacity

Note: matches information-theoretic lower bounds
(Nichani, Lee, and B., 2025), related to Krotov and Hopfield (2016); Demircigil et al. (2017)
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Application to Transformers |: factual recall (Nichani, Lee, and B., 2025)

The capital of France is Paris

o s € S,r € R: subject and relation tokens
o a*(s,r) € A,: attribute/fact to be stored
o z; € N: noise tokens
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Application to Transformers |: factual recall (Nichani, Lee, and B., 2025)

©

©

©

©

The capital of France is Paris

s € §,r € R: subject and relation tokens

a*(s,r) € A

attribute/fact to be stored

z; € N: noise tokens

Nichani, Lee, and B. (2025): Transformers with associative memory parameters can
achieve perfect factual recall with O(SR) parameters.

Alberto Bietti

Attention-only Construction

Head , (attends to s)
XTSXWEWorp) [—> 4»

Rest of heads attend to EOS

XTSXWT Woxp) [ 4> [o]

Head , (attends to r)
XTS(XWEW ) [—> ) —

OEOO=EO

EOS

™M

—C)

&

(

Z“me)

L]
Lo, 9D + e 9@

/!
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Application to Transformers |: factual recall (Nichani, Lee, and B., 2025)

The capital of France is Paris

s € §,r € R: subject and relation tokens
a*(s,r) € A,: attribute/fact to be stored
z; € N: noise tokens

©

©

©

©

Nichani, Lee, and B. (2025): Transformers with associative memory parameters can
achieve perfect factual recall with O(SR) parameters.

Attention + MLP Construction

[d/d}]heads attends to s
CRICIr % 0 I

Rest of heads attend to EOS

XTSXWEWoxy) [ a

[d/d,]heads attends to r

XTSXWEWory) |[—|d)]—
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Application to Transformers |: factual recall (Nichani, Lee, and B., 2025)

The capital of France is Paris

©

s € §,r € R: subject and relation tokens
a*(s,r) € A,: attribute/fact to be stored
z; € N: noise tokens

©

©

©

Nichani, Lee, and B. (2025): Transformers with associative memory parameters can
achieve perfect factual recall with O(SR) parameters.

6000 8000

o 15 E
Number of Parameters Attention parameters
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Application to Transformers IlI: in-context recall (B. et al., 2023)

When White went ... then

\ >< / When Mr White went to the mall, it started raining, then Mr White witnessed an odd

occurrence. While walking around the mall with his family, Mr White heard the sound of a

output helicopter landing in the parking lot. Curious, he made his way over to see what was going on.
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Application to Transformers IlI: in-context recall (B. et al., 2023)

When White went ... then

\ >< / When Mr White went to the mall, it started raining, then Mr White witnessed an odd

output

Induction heads (Elhage et al., 2021; Olsson et al., 2022)

{t+1, Mr, White} ... {T, Mr, White}
{t+1, Mr, White} ... {T, 1}
\7)/
{t, 1} {t+1, White} L AT,

S

o 1st layer: previous-token head

» attends to previous token and copies it to residual stream

Alberto Bietti Learning in Transformers with Associative Memories JSM 2026
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Application to Transformers IlI: in-context recall (B. et al., 2023)

When White went ... then

\ >< / When Mr White went to the mall, it started raining, then Mr White witnessed an odd

output

Induction heads (Elhage et al., 2021; Olsson et al., 2022)

{t+1, Mr, White} ... {T, Mr, White}
-
///
{t+1, Mr, White} ... {T, 1}
-
{t, 1} {t+1, White} L AT,

K

o 1st layer: previous-token head
» attends to previous token and copies it to residual stream
o 2nd layer: induction head
» attends to output of previous token head, copies attended token

Alberto Bietti Learning in Transformers with Associative Memories JSM 2026

occurrence. While walking around the mall with his family, Mr White heard the sound of a
helicopter landing in the parking lot. Curious, he made his way over to see what was going on.
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Induction head with associative memory weights

Layer 2 ‘ * ‘ * ‘ ‘ * ‘ * ‘
Attn2: 3, wi(b)wp(k)" _.--" W2U‘ Spwo( (Kywg (k)"
Layer 1 ‘ * ‘ wg(a) ‘ wy(a) [ u,'-E—(b) ‘
WHWL. 7

Attnl: 3 ps_1p] Residual | Prerl:ctmn

/\
Layer 0 ‘ Pi-1 ‘ wg(a) ‘ ‘ ‘ ub(b
Sequence a b ’77

T N

1 T 2 AT 2 T

Wiko =B>_pepi 1, Wiq=B8_ e’ , Wiy = ue,
t=2 keQ k=1

o Random embeddings ey, ug, random matrix Wév (frozen at init)
o Remapped previous tokens: & := W} ek

o 3 — oo for one-hot attention

Alberto Bietti Learning in Transformers with Associative Memories JSM 2026 11/20



Induction head with associative memory weights

Layer 2 ‘ * ‘ * ‘ ‘ * ‘ * ‘

Attn2: >, wy (k)wg (k)" - W2ﬂ‘ >opwo(k Dwe (k)T

Layer 1 ‘ * ‘ wg(a) ‘

wy(a) [u:E(b) ‘

Wiy, :
Attnl: 3 ps_1p] Residual | Predlctmn

/\
Layer 0 [ Jus@] [7 \w(b)\
Sequence ’—2—‘ b fi

T N

1 T 2 AT 2 T

Wiko =B>_pepi 1, Wiq=B8_ e’ , Wiy = ue,
t=2 keQ k=1

o Random embeddings ey, ug, random matrix Wév (frozen at init)
o Remapped previous tokens: & := W} ek
o 3 — oo for one-hot attention

Q: Does this match practice?
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Empirically probing the dynamics

Train only Wiq, Wgq, W3, loss on predictable tokens after trigger

2
o freeze Wg freeze W} and W} freeze W} freeze W}
1 10- 10- .
N 10
g os- 0s- 06~ 0s-
S os- 06- 06- 06-
$oa- 0.4- 04- 04-
g
go2- 02- 02- 0.2-
~00- ; | : : . 00! ! | Ll oot . . . . 00! . . . "
0 200 400 600 800 1000 0 200 400 600 800 1000 O 200 400 600 800 1000 0 200 400 600 800 1000
10 10- 10-
S o8- 05 o8- e
g
806 /
2
Sos 0a- 04- — w2
g =
Eo02- 02- 02- WKL (t<64)
— wi
00- 3 - ; | | ook - | [ | e | | | . oo- b - | : s
0 200 400 600 800 1000 O 200 400 600 800 1000 O 200 400 600 80 1000 0 200 400 600 800 1000
iteration iteration iteration iteration

T

o “Memory recall probes”: for target memory W, = Z,{\il uje;' , compute

1 Z ,
R(W,W,) = o Z 1{i = arg max uJ-T We;}
i=1
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Empirically probing the dynamics

Train only Wik,, W2,, W3, loss on predictable tokens after trigger
Y Wkar Wikq "Vov

2
o freeze Wg freeze W} and W} freeze W} freeze W}
1 10- 10- 1o-
z
gos- 08- 08 08-
S os- 06- 06- 06-
% 0a- 0s 04 04
So2- 0.2- 02- 0.2-
00 ; | | L _________ W ___________
0 200 400 600 800 1000 O 200 400 600 80 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
10 10- L0~
T 08" 08- 08 =
8
% o6- 0s- 06- //J
2
Soa- 0a- 04- E—
5 — we
Eo02- 02- 02- Wil (£<64)
— wa
0.0- 004

0.0- 00-
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
iteration iteration iteration iteration

o “Memory recall probes”: for target memory W, = Z,{\il u,-e,-T, compute

1 Y ,
R(W,W,) = o Z 1{i = arg max uJ-TWe;}
i=1

o Natural learning “order": W(%V first, W}%Q next, W,%Q last
» B. et al. (2023): Three successive gradient steps can learn the three associative memories.
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Outline

@ Learning with finite samples (Vural, B., Soltanolkotabi, and Wu, 2026)
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Setup: in-context retrieval + factual recall

“The capital of Italy is " — Rome “What is the opposite of big in English ? " — small
&+ EOS f*(zer) T EOS f*(zer)
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Setup: in-context retrieval + factual recall

“The capital of Italy is " — Rome “What is the opposite of big in English ? " — small
&+ EOS f*(zer) T EOS f*(zer)

Data:
0 zi,...,zr ~ Unif([N]), t* ~ Unif([T])
o y = f*(z), with £*: [N] — [N] one-to-one
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Setup: in-context retrieval + factual recall

“The capital of Italy is " — Rome “What is the opposite of big in English ? " — small
&+ EOS f*(zer) T EOS f*(zer)

Data:
0 zi,...,zr ~ Unif([N]), t* ~ Unif([T])
o y = f*(z), with £*: [N] — [N] one-to-one

One-layer Transformer model: with random embeddings + a “trigger” feature
o Fi(X; Wov, Wke) = uxWoy XS(X T Wkoeros), with
» S the attention softmax
» X = [xq,...,x7] € RIXT
» x; = e, + 1{t = t*}e,, where e, is a “trigger” feature marking z;
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Setup: in-context retrieval + factual recall

“The capital of Italy is " — Rome “What is the opposite of big in English ? " — small
&+ EOS f*(zer) T EOS f*(zer)

Data:
0 zi,...,zr ~ Unif([N]), t* ~ Unif([T])
o y = f*(z), with £*: [N] — [N] one-to-one

One-layer Transformer model: with random embeddings + a “trigger” feature
o Fi(X; Wov, Wke) = uxWoy XS(X T Wkoeros), with
» S the attention softmax
» X = [xq,...,x7] € RIXT
» x; = e, + 1{t = t*}e,, where e, is a “trigger” feature marking z;
o Goal: perfect accuracy, i.e. arg maxy Fx(X) = *(z+) w.h.p. on test data
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Setup: in-context retrieval + factual recall

“The capital of Italy is " — Rome “What is the opposite of big in English ? " — small
&+ EOS f*(zer) T EOS f*(zer)

Data:
0 zi,...,zr ~ Unif([N]), t* ~ Unif([T])
o y = f*(z), with £*: [N] — [N] one-to-one

One-layer Transformer model: with random embeddings + a “trigger” feature
o Fi(X; Wov, Wke) = uxWoy XS(X T Wkoeros), with
» S the attention softmax
» X = [xq,...,x7] € RIXT
» x; = e, + 1{t = t*}e,, where e, is a “trigger” feature marking z;
o Goal: perfect accuracy, i.e. arg maxy Fx(X) = *(z+) w.h.p. on test data
o Associative memory solution: (5 — o0)

N

T T
Wov =) ur-qer Wkq = Be.ecos
i=1
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Training algorithm: three gradient steps
Training loss:
o Sample n training sequences (X;, y;)

o Empirical loss:
n

1
>~ Uy, F(Xi; Wov, Wko)),

n i=1

~

L,(Wov, Wkq)

o {: cross-entropy loss
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Training algorithm: three gradient steps
Training loss:
o Sample n training sequences (X;, y;)

o Empirical loss:
n

A 1
L,(Wov, Wkq) = - > Uyi, F(Xi; Wov, Wkq)),
i=1

o {: cross-entropy loss

Training algorithm:
o Initialize W) = W) =0
o Three steps:
» Step 1 (learn OV): Woy := Wov — 1V wy, Ln(Wov, Wkq)
» Step 2 (learn KQ): Wiq := Wkq — 1V wio Ln(Wov, Wkq)
» Step 3 (refine OV): Woy := Wov — 1V w,, Ln(Wov, Wke)
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Training algorithm: three gradient steps
Training loss:
o Sample n training sequences (X;, y;)

o Empirical loss:
n

A 1
L,(Wov, Wkq) = - > Uyi, F(Xi; Wov, Wkq)),
i=1

o {: cross-entropy loss

Training algorithm:
o Initialize W) = W) =0
o Three steps:
» Step 1 (learn OV): Woy := Wov — 1V wy, Ln(Wov, Wkq)
» Step 2 (learn KQ): Wiq := Wkq — 1V wio Ln(Wov, Wkq)
» Step 3 (refine OV): Woy := Wov — 1V w,, Ln(Wov, Wke)

Q: How do N, T,d, n need to scale for perfect accuracy?
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Warmup: infinite data

o First gradient finds relevant associative memory under uniform attention:

.
1 v, 1
W0 = =1V oy L(0.0) = nEl(u sy — B)( 5 D )]
t=1

N
~ M Z T
~NT P Up=(i)&i
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Warmup: infinite data

o First gradient finds relevant associative memory under uniform attention:

.
1 v, 1
W0 = =1V oy L(0.0) = nEl(u sy — B)( 5 D )]
t=1

N
~ M Z T
~NT P Up=(i)&i

o We then have signal on correct associations (when d? > N): u] Wg\)e,- A Ok (1Y NT
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Warmup: infinite data

o First gradient finds relevant associative memory under uniform attention:

.
1 v, 1
W0 = =1V oy L(0.0) = nEl(u sy — B)( 5 D )]
t=1

N
~ M Z T
~NT P Up=(i)&i

o We then have signal on correct associations (when d? > N): u] Wg\)e,- A Ok (1Y NT

o Second step identifies trigger:

Tl &
~Vwg LW, 0) ~ El(up ) = 8) (5 D Woyx: - xeelos)

t=1
1 1
~ 7 E[ufT*(Zt*) é\)ezt* ’ (ezt* + e*)e—ErOS)]
N

Ui T n T
~ ——-ece + —== E eje
2 “xCEOS 272 ICEQS>
NT N2T2 &
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Warmup: infinite data

o First gradient finds relevant associative memory under uniform attention:

.
1 v, 1
W0 = =1V oy L(0.0) = nEl(u sy — B)( 5 D )]

o We then have signal on correct associations (when d? > N): u] Wg\)e,- A Ok (1Y NT

o Second step identifies trigger:

Vo LIWS),0) ~ E[(upe 5.y — Z WSixe - xeegos)]
t 1

1 T
~ E[uf* W(\)ezt* - (e, + ex)egos)]
0 N3
T T
R We*eEOS + N2T2 ; €i€E0S:

o Second term is negligible — attention focuses on trigger
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What about finite samples?

Long context and random embeddings induce additional noise:

Theorem (Conditions for perfect recall, Vural et al., 2026)

With n samples, the model achieves perfect accuracy w.h.p. if d> > N and alignment
dominates noise terms:

1 1 1
> + .
2 ~
ﬂz__/ nVTd(dANT) nVNd(dAT)

Alignment Cragham: malise Mean bias

Vural, B., Soltanolkotabi, and Wu, 2026. Learning to Recall with Transformers Beyond Orthogonal Embeddings
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What about finite samples?

Long context and random embeddings induce additional noise:

Theorem (Conditions for perfect recall, Vural et al., 2026)

With n samples, the model achieves perfect accuracy w.h.p. if d> > N and alignment
dominates noise terms:

1 1 1
> + .
2 ~
ﬂz__/ nVTd(dANT) nVNd(dAT)

Alignment Cragham: malise Mean bias

o Alignment: alignment between learned KQ weights and trigger direction e,.

Vural, B., Soltanolkotabi, and Wu, 2026. Learning to Recall with Transformers Beyond Orthogonal Embeddings
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What about finite samples?

Long context and random embeddings induce additional noise:

Theorem (Conditions for perfect recall, Vural et al., 2026)

With n samples, the model achieves perfect accuracy w.h.p. if d> > N and alignment
dominates noise terms:

1 1 1
> + .
2 ~
ﬂz__/ nVTd(dANT) nVNd(dAT)

Alignment Cragham: malise Mean bias

o Alignment: alignment between learned KQ weights and trigger direction e,.

o Gradient noise: finite-sample noise in updating Wkq.

Vural, B., Soltanolkotabi, and Wu, 2026. Learning to Recall with Transformers Beyond Orthogonal Embeddings
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What about finite samples?

Long context and random embeddings induce additional noise:

Theorem (Conditions for perfect recall, Vural et al., 2026)

With n samples, the model achieves perfect accuracy w.h.p. if d> > N and alignment
dominates noise terms:

1 1 1
> + .
2 ~
ﬂz__/ nVTd(dANT) nVNd(dAT)

Alignment Cragham: malise Mean bias

o Alignment: alignment between learned KQ weights and trigger direction e,.
o Gradient noise: finite-sample noise in updating Wkq.

o Mean bias: due to nonzero mean of token embeddings

Vural, B., Soltanolkotabi, and Wu, 2026. Learning to Recall with Transformers Beyond Orthogonal Embeddings
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Capacity scaling at finite samples

o The bottleneck is the mean bias term
o The main theorem reduces to the parameter count (= 2d?) requirement:

1
N, T < N&y/n
d* 21 wirs
~Y
4 > O/ w
n3
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Capacity scaling at finite samples

o The bottleneck is the mean bias term
o The main theorem reduces to the parameter count (= 2d?) requirement:

N, T < Ns\/n
d? e 2_8
N3Z’3’ O/W
n3
o Empirics:
» Short vs long sequence: T =+v/Nvs T =N
» Small vs large data: n= Nlog N vs n = NvVN
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Capacity scaling at finite samples
o The bottleneck is the mean bias term
o The main theorem reduces to the parameter count (= 2d?) requirement:

N, T < Ns\/n
d? e 2_8
B, ofw
n3

o Empirics:
» Short vs long sequence: T =+v/Nvs T =N
» Small vs large data: n= Nlog N vs n = NvVN

Fit: 0.969 Fit: 1.081
Thm: 1.00 Thm: 1.00

o

Fit: 2.054

53| Fit: 1.434
Thm: 2.00

Thm: 1.33

w
S
°
w
w
S
°

Parameter count (d2)
®
S

~
S
|
3
<1
3
o
]
o]
£
s
e
|

=%

B =
2 ES
Parameter count (d?)

<
3
]
=
5]
51
=
2
o]
=1
s
£
s

a

2

.101.0 122 134 14.5 15.7 I4.IDI.O 12.1 132 143 154 X 9.2 10.4 115 127 8.0 92 104 115 127
vocab size (V) vocab size (V) vocab size (V) vocab size (V)
(a) Short Seq / Small Data (b) Short Seq / Large Data (c) Long Seq / Small Data (d) Long Seq / Large Data
Alberto Bietti
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Extensions to Attention + MLP

o Replace Wpy by random feature MLP of width m: V, W € RY*™ with W random
Fi(X; Wov, Wkq) = ux Va(W T XS(XT Wikeeros))

o Allows smaller embedding dimension d by using a larger width m

o Leads to additional MLP noise term that often dominates the other two
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Extensions to Attention + MLP

N e {ViogV,V¥} me {d? d®}, L=<V

X Small Sample
Mesmm [Bies Gradient Noise Small Width
md < V max{1l ’"Lw}
2 - ' N
RF Noise
N — Nl
& md <V maX{17 N
j
s
%)
Slope “_1/ ______ .
————— No Learning
e (md < V)
= dL > V
Alberto Bietti
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Extensions to Attention + MLP

N e {ViogV,V¥} me {d? d®}, L=<V

m Small Sample,

TMean Bias Gradient Noise Small Width
md < V max{1l "’Lm}
d’L » _ L
Large Sample,
RF Noise Small Width
N - Jml?
5 - md <V max{l, ¥
L
9
%
Slope “_1/ —————— i
______ No Learning
e (md < V)
= m >V
Alberto Bietti Learning in Transformers with Associative Memories

Parameter count (md)
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Extensions to Attention + MLP

N e {ViogV,V¥} me {d? d®}, L=<V

Parameter count (md)

m Small Sample,
T . Gradient Noise Small Width
Mean Bias L1/ 120 129 137 146 154
md =< V max{1, m\FN } vocab size (V)
AL »
Large Sample, EE
RF Noise Small Width 3 .
12 md =<V max{1l mL? ;.
& : - >N
\"g P eabsize (1)
3 siz
P 22| Thm: 120
o=t/ - H
5\—09 —————— No Learning Small Sample, %
(md < V) Large Width ~—— -
- --" : \ g
>V i

120 129 17 146 154
vocab size (V)
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Concluding remarks

Transformer weights as associative memories
o Storage capacity and gradient-based learning
o Toy models of reasoning and factual recall

o Finite sample results with multiplicative scaling
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Concluding remarks

Transformer weights as associative memories
o Storage capacity and gradient-based learning
o Toy models of reasoning and factual recall

o Finite sample results with multiplicative scaling

Future directions
o Optimization for multiple steps
o Fine-grained study of capacity

o Learning embeddings
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Concluding remarks

Transformer weights as associative memories
o Storage capacity and gradient-based learning
o Toy models of reasoning and factual recall

o Finite sample results with multiplicative scaling

Future directions
o Optimization for multiple steps
o Fine-grained study of capacity

o Learning embeddings

Thank youl!
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Global vs in-context associations

in-context vs global loss attention and feed-forward probes
5 —— K=1, fix q frequent 0.8 —— Wo2 recall 2.2
—— K=5, fix q rare —— WKk2 recall 2.0
4- —— K=1, random q = 06- ~— WK1 recall (t<64) .
—— K=5, random q 9] T ™M —n~ | -1873
3- L =
I 20.4- 16 &
8 5 S
2° g 14 Y
£02
1- 1.2
0- i i i i i i 00- . . . . i WfKL‘ e
0 100 200 300 400 500 0 100 200 300 400 500
iteration iteration

o Global bigrams are learned much faster than induction head, tend to be stored in MLPs
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Global vs in-context associations

in-context vs global loss attention and feed-forward probes
5- —— K=1, fix q frequent 08~ —— Wo2 recall =22
—— K=5, fix q rare —— WKk2 recall

WK1 recall (t<64)

K=1, random q = 0.6-

1 9 ™M -1873
w3 < N
o 204 16 5
o° S S

o =
% 1.4
£02

1- 1.2

— WFKL -
o- 0.0- 1.0
0 100 200 300 400 500 0 100 200 300 400 500
iteration iteration

o Global bigrams are learned much faster than induction

Factual: average probability

probability
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training steps

head, tend to be stored in MLPs

Trade-offs between global and in-context predictions (Chen, Bruna, and B., 2024)

o Trade-offs also appear in LLMs
» “Madrid is located in" — {the, Spain} on Pythia-1B

» Ablating late-layer MLPs (Sharma et al., 2023) changes prediction from global to in-context
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Global vs in-context associations

in-context vs global loss attention and feed-forward probes
- - Factual: average probabili
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iteration iteration training steps

o Global bigrams are learned much faster than induction head, tend to be stored in MLPs

Trade-offs between global and in-context predictions (Chen, Bruna, and B., 2024)
o Trade-offs also appear in LLMs
» “Madrid is located in" — {the, Spain} on Pythia-1B
» Ablating late-layer MLPs (Sharma et al., 2023) changes prediction from global to in-context

Theorem (Chen et al., 2024, informal)

In toy setting, feed-forward layer learns global bigram after O(1) samples, attention
after O(N) samples due to noise.
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Setup with heavy-tailed data

Setting
o zj ~p(z), yi = f*(z), nsamples: S, ={z1,...,2,}, 0/1 loss:

L(%n) = P(y 7& ?n(z))
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o zj ~p(z), yi = f*(z), nsamples: S, ={z1,...,2,}, 0/1 loss:

L(?n) = P(y 7& ?n(z))
o Heavy-tailed token frequencies: Zipf law (typical for language where N is very large)

«
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Setup with heavy-tailed data

Setting
o zj ~p(z), yi = f*(z), nsamples: S, ={z1,...,2,}, 0/1 loss:
L(?n) = P(y 7& ?n(z))
o Heavy-tailed token frequencies: Zipf law (typical for language where N is very large)
«

p(z) x z~

o Hutter (2021): with infinite memory, we have

a—1

L(F) <n s
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Setup with heavy-tailed data

Setting
o zj ~p(z), yi = f*(z), nsamples: S, ={z1,...,2,}, 0/1 loss:

L(%n) = P(y 7& ?n(z))
o Heavy-tailed token frequencies: Zipf law (typical for language where N is very large)
«

p(z) x z~

o Hutter (2021): with infinite memory, we have

a—1

L(F) <n "5

o Q: What about finite capacity?
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Scaling laws with finite capacity
o Random embeddings e., u, € R? with N(0,1/d) entries

o Estimator: IA‘,,,d(x) = arg max, u},T W, dez, with

nd—zq Uf*

Alberto Bietti Learning in Transformers with Associative Memories JSM 2026 27 /20



Scaling laws with finite capacity
o Random embeddings e., u, € R? with N(0,1/d) entries
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Wh.a = Z q(z Uf*

o Single population gradient step on cross-entropy loss: g(z) ~ p(z)
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Scaling laws with finite capacity
o Random embeddings e., u, € R? with N(0,1/d) entries

o Estimator: IA‘,,,d(x) = arg max, u},T W, dez, with
Wh.a = Z q(z Uf*

o Single population gradient step on cross-entropy loss: g(z) ~ p(z)

Theorem (Cabannes, Dohmatob, and B., 2024a, informal)
@ Forq(z) =Y 1{z=z}: L(fra) S N L d
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Scaling laws with finite capacity
o Random embeddings e., u, € R? with N(0,1/d) entries

o Estimator: IA‘,,,d(x) = arg max, uyTW dez, with
Wh.a = Z q(z Uf*

o Single population gradient step on cross-entropy loss: g(z) ~ p(z)

Theorem (Cabannes, Dohmatob, and B., 2024a, informal)

@ Forq(z) =Y 1{z =z}: L(fag) Sn™°C +d~ 5
@ Forq(z) =1{z € S,}, and d > N: L(fnd)<n_T + d~* for any k
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Scaling laws with finite capacity
o Random embeddings e., u, € R? with N(0,1/d) entries

o Estimator: IA‘,,,d(x) = arg max, uyTW dez, with
Wh.a = Z q(z Uf*

o Single population gradient step on cross-entropy loss: g(z) ~ p(z)

Theorem (Cabannes, Dohmatob, and B., 2024a, informal)

@ Forqz) =X 1{z=z}: L(fa) Sn~ "% +d~ %

@ Forq(z)=1{z€ S,}, and d > N: L(?n,d) < n & +dk for any k
(2)

@ For q(z) = 1{z seen at least s times in Sp}: L(fnq) < na + d-otl

Alberto Bietti Learning in Transformers with Associative Memories JSM 2026

27 /20



Scaling laws with finite capacity
o Random embeddings e., u, € R? with N(0,1/d) entries

o Estimator: ?md(X) = arg max, u},T W, dez, with
Wh.a = Z q(z Uf*
o Single population gradient step on cross-entropy loss: g(z) ~ p(z)

Theorem (Cabannes, Dohmatob, and B., 2024a, informal)

@ Forq(z) =Y 1{z =z}: L(fag) Sn™°C +d~ 5

@ Forq(z)=1{z€ S,}, and d > N: L(?n,d) < n & +dk for any k
(2)

@ For q(z) = 1{z seen at least s times in Sp}: L(fnq) < na + d-otl

o n*aTil is the same as (Hutter, 2021)
o g =1 is best if we have enough capacity

o Can store at most d memories (approximation error: d~**1)

Alberto Bietti Learning in Transformers with Associative Memories JSM 2026

27 /20



Scaling laws with optimization algorithms

LW) = Ezpll(f*(2), UWe)] = Waam ) a(2)up (e’

Different algorithms lead to different memory schemes ¢(z):
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Scaling laws with optimization algorithms

LW) = Ezpll(f*(2), UWe)] = Waam ) a(2)up (e’

Different algorithms lead to different memory schemes ¢(z):
o One step of SGD with large batch: g(z) ~ p(z)
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Scaling laws with optimization algorithms

N

L(W) = E,,[l(f*(2), UWe,)] — Wha~ Y q(2)up(ye:

z=1

Different algorithms lead to different memory schemes ¢(z):
o One step of SGD with large batch: g(z) ~ p(z)
o SGD with batch size one + large step-size, d > N: q(z) = 1
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N

L(W) = E,,[l(f*(2), UWe,)] — Wha~ Y q(2)up(ye:

z=1

Different algorithms lead to different memory schemes ¢(z):
o One step of SGD with large batch: g(z) ~ p(z)
o SGD with batch size one + large step-size, d > N: q(z) = 1

o For d < N, smaller step-sizes can help later in training
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Scaling laws with optimization algorithms

N
L(W) = E,,[l(f*(2), UWe,)] — Wha~ Y q(2)up(ye:

z=1

Different algorithms lead to different memory schemes ¢(z):
o One step of SGD with large batch: g(z) ~ p(z)
o SGD with batch size one + large step-size, d > N: q(z) = 1
o For d < N, smaller step-sizes can help later in training

o Adam and layer-norm help with practical settings (large batch sizes + smaller step-size)
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Scaling laws with optimization algorithms

LW) = Ezpll(f*(2), UWe)] = Waam ) a(2)up (e’

Different algorithms lead to different memory schemes ¢(z):
One step of SGD with large batch: ¢(z) ~ p(z)
SGD with batch size one + large step-size, d > N: q(z) =~ 1

©

©

©

For d < N, smaller step-sizes can help later in training

©

Adam and layer-norm help with practical settings (large batch sizes + smaller step-size)

SGD, |B|=64, T=10240 SGD, T'=1024 ~v=1.0, | B|=1024, T=10240
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Optimization with imbalance and small capacity

L(W) =E,p[t(f*(z), UWe.)], ¢: cross-entropy loss

Benefits of large step-sizes + oscillations: (Cabannes, Simsek, and B., 2024b)

o Orthogonal embeddings = logarithmic growth of margins for any step-size
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Optimization with imbalance and small capacity

L(W) =E,p[t(f*(z), UWe.)], ¢: cross-entropy loss

Benefits of large step-sizes + oscillations: (Cabannes, Simsek, and B., 2024b)
o Orthogonal embeddings = logarithmic growth of margins for any step-size

o Correlated embeddings + imbalance = oscillatory regimes
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Optimization with imbalance and small capacity

L(W) =E,p[t(f*(z), UWe.)], ¢: cross-entropy loss

Benefits of large step-sizes + oscillations: (Cabannes, Simsek, and B., 2024b)
o Orthogonal embeddings = logarithmic growth of margins for any step-size
o Correlated embeddings + imbalance = oscillatory regimes

o Large step-sizes help reach perfect accuracy faster despite oscillations (empirically)

» a=10.95p; =0.75 t— L(W;) SGD trajectory t— L(Wy)

— 5 =10
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Optimization with imbalance and small capacity

L(W) =E,p[t(f*(z), UWe.)], ¢: cross-entropy loss

Benefits of large step-sizes + oscillations: (Cabannes, Simsek, and B., 2024b)

o Orthogonal embeddings = logarithmic growth of margins for any step-size

o Correlated embeddings + imbalance = oscillatory regimes
o Large step-sizes help reach perfect accuracy faster despite oscillations (empirically)
o Over-optimization can hurt in under-parameterized settings (empirically)

a=0.95p =0.75 t— L(W,) SGD trajectory t— L(W)

— L(Wy) 4 L o | 0.75 LW)/2
=== Lo1(We) # Lo1(We)

500 1000
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